Define the sequence of Pell numbers by P 0 = 0, P x = l, and P n+2 = 2P n+l + P n forn>0. Show that if q is a prime such that q = l (mod 8) then q\P {q . l)IA if and only if 2 ( *" 1)/4 = (-1) (^1)/8 (mod q). H-549 Proposed by Paul S. Bruckman, Highwood, IL Evaluate the expression: XC-irHan-'O/F^). (1) n>\ SOLUTIONS Exactly Right H-532 Proposed by Paul S« Bruckman, Highwood, IL (Vol 35, no. 4, November 1997) Let V n -V n (x) denote the generalized Lucas polynomials defined as follows: V 0 = 2; V l = x; K+2 = x K+i + K> w = 0,1,2,.... If n is an odd positive integer and y is any real number, find all (exact) solutions of the equation: V n {x) -y. Solution byH.-
Let n GN be odd and y GR. We show that the solutions of the equation V n (x) -j a r e = (^W + # W ) c o^] + / ( V^-# O 0 ) s i n^] , * = 0,...,»-l.
Here, we consider the main branch of the 71 th root.
Since a(y)+fl(y) -y is real and n is odd, it is easily seen that x 0 ,...,x n _ l are n distinct complex numbers. However, the equation V n {x) = y cannot have more than n distinct solutions, so that we are done if we prove that V n {x k ) = y for k = 0,..., n-1.
Since n is odd and oc(y)j3(y) = -1 , we find which implies
It follows that
x k ±^x\ + 4 = 2 «/^00 e x p f^l and x^T^+ 4 = 2^0 0 e x p f -^\
In each case, we have V n (x k ) -a(x k ) n +J3(x k ) n -a(y)+P(y) -y.
Also solved by G. Smith and the proposer.
Enter at Your Own Risk H-533 Proposed by Andrej Dujella, University of Zagreb, Croatia (Vol 35, no. 4, November 1997 ) Let Z(n) be the entry point for positive integers n. Prove that Z(n) < In for any positive integer n. Find all positive integers n such that Z(n) -2n.
Solution by Paul S. Bruckman, Highwood, IL
We first assume that gcd(w, 10) = 1. The following results are well known for all primes p^2,5: Z(p)\(p-(5/p)); also, Z(p e ) = p e~l 'Z(p) for some t with l<t<e. Then Z(p e ) = P e~~f {p -(5/ p))/a for some integer a = a(p). If n = Hp e , let w = PQ, where P consists of those prime powers p e exactly dividing n and with a(p) = 1, and Q is the corresponding product with a(p)>2. Note that If n = 2 e w, where £ > 3 and gcd(w, 10) = 1, then
In all cases, Z(w) < 2« for all n > 1. D If we examine the various parts of the foregoing proof, we see that Z(n) has a chance of being exactly equal to 2w only if 2 1 or 2 2 is the highest power of 2 exactly dividing n. Moreover, if gcd(w, 30) = 1, if m > 1, and if n = 2w or 4/w, we see that Z(/w) < 4/w / 3; in this case, Z{n) < 2n. Note that the factor 5^* of n does not affect the ratio Z(n)/n, since Z(5^) = 5-^.
Thus, any n with Z(w) = 2« must be of the form 2 d -3 e -5 f , where rf = 1 or 2, e > 1, / > 0. We observe that Z(2 • 3 e • 5^) = LCM(3,4. 3 e '\ 5 / ) = 12-5 / if e = 1, or 4 • 3*" 1 • 5 / if e > 2. Thus, Z(n) = 2ni£e = l, Z{n)<2n if e> 1.
Therefore, if 2 1 ||w, Z(w) = 2w iff e = 1, i.e., iff n = 6-5^. On the other hand, we find that if w = 4• 3 e -5? then Z(n) = n or n/3<2n in either case.
In conclusion, Z(n) = 2w iff w = 6 • 5^, / = 0,1,2,.... D Also solved by JL A. G. Dresel and the proposer. where Vj is as in Problem A?
Solution by Paul S. Bruckfnan, Highwood, IL Solution to Problem A: We first make some notational changes, for convenience. Let Oj -jFj. The set of positive integers that may be represented as a sum Sy =1 efij with Sj -0 or 1, s k = 1, is denoted by r k . Let r = U?=i tk. If a positive integer n cannot be represented as such a sum for any value of k, we write n & r. Also, define £(0) = 1.
We note that we have the following generating function:
We use a comparison test to determine the following result:
The comparison is made with the more well-known generating function:
j=i k=o
where q(k) is the number of decompositions of k into distinct positive integer summands without regard to order; for example, q(l) = 5, since 7 = 1 + 6 = 2 + 5 = 3 + 4 = 1 + 2 + 4. Since the 9j's are natural numbers, it is clear that 0<S(k)<q(kl ^ = 0,1,2,....
Indeed, all of the q(ky$ are > 0. The following asymptotic formula (paraphrased to conform with our notation) is given in [1] : q(k) ~ |(3£ 3 )-1 / 4 exp(W^7I), as * -> oo.
Thus, logq(k) -7ijk13. On the other hand, log/(&) -kloga. Hence, log{q(k)/ f(k)} -» -oo, which implies lim^^^ q(k)l f(k) = 0. This, together with (4), implies (3). • Partial Solution to Problem B: We see that if 0 k = Ey=J sfij then s k _ l = 1 and k > 7, by the proposer's comments. For, otherwise, 0 k < f(k-2) = 0 k -L k+l +2, which is clearly impossible. Therefore, either 0 k e r k __ l or 9 k <£ r. For brevity, we let U denote the set of k > 7 such that 0 k e r k _ v Note that S(0 k )>\ for all k > 1. One way to characterize U 9 albeit not a very satisfactory way from a theoretical standpoint, is to observe that U is precisely the set of k such that S(9 k ) > 2; this, however, is little more than a restatement of the definition of the S(k)'$.
Some other observations may be made, which may or may not be useful. For example, we can determine the characteristic polynomial of the 0 k s. The following relation is easily found:
Thus, the characteristic, or "annihilating," polynomial of the 0 k s is (z 2 -z -I) 2 = z 4 -2z 3 -z 2 + 2z + l; that is, we have the pure recurrence 6 k -20 k _ t -0 k _ 2 + 20 k _ 3 + 0 k _ 4 = 0.
We may define the following quantity:
Then we may recast (7) as follows:
tt*-i-**-3 = 0jk, * = 4,5,.... (9) A consequence of these relations is the following:
This shows that u 2k _ l and (u 2k +2) are elements of x 2k and T 2k+l , respectively. We also see that !/*+!#*_!+2 = / ( * + l), £ = 2,3,....
It is not clear at this point how these relations may be useful in determining which values of it are "acceptable," in the sense that k eU. We observe from (6), however, that if L k _ x e r m for some m<k-3 then k e t / .
One practical approach is simply to expand the generating function to any desired number of terms and pick out the values of k for which S(k) > 2. To ensure that we are not omitting some values ofk that eventually generate S(k) > 2, we need to take enough terms in the product. If the partial products 11*^(1 +x 0J ) have the expansion Zfl^ $(k,n)x k , and if the integer // = fi(k) is determined from 0 M < k < 0 M+l then S(k, n) = S(k) for all n > ju. In particular, S(0 k9 n) = S(0 k ) for all n>0 k .
We conclude with a table indicating the first 25 values of 0 k , S(k), and f(k), also indicating all acceptable representations of 0 k as an element of r k _ { for k > 7, if such representations exist. We denote such representations in an abbreviated form, where the indicated /w-tuple gives the subscripts r of the $ r 's entering in the representation, shown in descending order.
The table was not generated by expansion, as might be suggested by the previous comments. Rather, we used a constructive algorithm for generating the representations (if any) in r k _ x of 0 k . Following is a brief description of the algorithm.
We begin by assuming that 0 k G T W and compute the difference N l = 0 k -0 k _ l . There exists an index r such that 0 r <N l < 0 r+l . The next term is either 0 r or 0 r _ x . If N x > f(r-1), such next term must be 9 r . If N x < f(r -1), such next term is either 0 r or 0 r _{, both cases are possible a priori and must be examined separately. Let N 2~ N l -9 S , where 0 S is the next term selected (i.e., s = r or r -1) and repeat the process with N 2 . The algorithm continues until a final difference N w , say, is either determined to be representable as a sum of the 0/s or recognized as impossible to be thus represented. Note: If Nj -f{m) for some m andj, we may either stop at the term 0 m or replace f(m) by 0 X + 0 2 + • • • + 0 m . Keeping track of all "forks in the road" (where two choices were possible a priori), we thereby generate all possible representations, if any.
It is tempting on the basis of the data, to make the conjecture that k e U for all values except 1, 2, 3, 4, 5, 6, 8, 8, and 14 . It would seem unlikely that S(0 k ) = 1 for any value of k > 25, but these methods did not resolve this question. 
